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equationsAbstract In this paper, we establish exact solutions for the coupled nonlinear Klein–Gordon
Zakharov equations. The He’s semi-inverse and the modiﬁcation of truncated expansion methods
are used to construct exact solutions of this equation. We apply He’s semi-inverse method to estab-
lish a variational theory for the coupled nonlinear Klein–Gordon Zakharov equations. Based on
this formulation, a solitary solution can be easily obtained using the Ritz method. The modiﬁcation
of truncated expansion method is used to construct exact solutions of the coupled nonlinear Klein–
Gordon Zhakhrov equations. Moreover, it is observed that the suggested techniques are compatible
with the physical nature of such problems.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
It is well known that nonlinear complex physical phenomena
are related to nonlinear partial differential equations (NLP-
DEs) which are involved in many ﬁelds from physics, biology,
chemistry, mechanics, etc. As mathematical models of the phe-
nomena, the investigation of exact solutions of NLPDEs will
help us to understand these phenomena better. Many effective
methods for obtaining exact solutions of NLPDEs have beenestablished and developed, such as tanh method [1,2], extended
tanh method [3,4], sine–cosine method [5], homogeneous bal-
ance method [6], Jacobi elliptic function method [7–9], F-expan-
sion method [10–12], and G0/G -expansion method [13,14].
In the past few decades, qualitative analysis together with
ingenious mathematical techniques for handling various non-
linear problems has been studied. Among them, variational
approaches, such as He’s semi-inverse method is a powerful
tool to the search for variational principles for nonlinear phys-
ical problems directly from ﬁeld equations without using the
Lagrange multiplier and provides physical insight into the nat-
ure of the solution of the problem. Based on this formulation,
a solitary solution can be obtained using the Ritz method. Var-
iational principles have been studied widely in physics and
mathematics [15–34]. It was proposed by a famous Chinese
mathematician, Dr. Ji-Huan He, in 2008 in an important
980 M. Akbari, N. Taghizadehreview article [35] and the method was systematically summa-
rized in a recent review article [36].
Recently, the modiﬁcation of truncated expansion method is
proposed to construct exact travelling wave solutions for nonlin-
ear partial differential equations. Firstly,we reduce the nonlinear
evolution equations to ODEs by travelling wave variable trans-
formation. Secondly, we suppose the solution can be expressed
in a polynomial in a variable Q, where Q satisﬁes the Riccati
equation. At the end, the degree of the polynomial can be deter-
mined by the homogeneous balance method, and the coefﬁcients
can be obtained by solving a set of algebraic equations.
In this paper we will use He’s semi-inverse and the modiﬁ-
cation of truncated expansion methods to the coupled nonlin-
ear Klein–Gordon Zakharov equations.
2. He’s semi-inverse method
We consider a general nonlinear partial differential equation
(PDE) in the form
Pðu; ut; ux; utt; uxt; uxx; . . .Þ ¼ 0: ð2:1Þ
where P is a polynomial in its arguments. The essence of He’s
semi-inverse method can be presented in the following steps:
Step 1. Seek solitary wave solutions of Eq. (2.1) by taking
u(x, t) = U(n), n= kx  xt, and transform Eq. (2.1) to
the ordinary differential equation
Pðu;xU0; kU0; k2U00; . . .Þ ¼ 0; ð2:2Þ
where prime denotes the derivative with respect to n.
Step 2. If possible, integrate Eq. (2-2) term by term one or
more times. This yields constants of integration. For sim-
plicity, the integration constants can be set to zero.
Step 3. According to the He’s semi-inverse method, we con-
struct the following trial-functional
JðUÞ ¼
Z
Ldn; ð2:3Þ
where L is an unknown function of U and its derivatives.
There exist alternative approaches to the construction of
the trial-functionals, see Refs. [15–36].
Step 4. By Ritz method, we can obtain different forms
of solitary wave solutions, such as U(n) = psech(qn),
U(n) = pcsch(qn), U(n) = ptanh(qn), and U(n) =
pcoth(qn). For example in this paper we search a solitary
wave solution in the formUðnÞ ¼ psechðqnÞ; ð2:4Þ
where p and q are constants to be further determined.
Substituting Eq. (2.4) into Eq. (2.3) and making J station-
ary with respect to p and q, we have
@J
@p
¼ 0; ð2:5Þ@J
@q
¼ 0: ð2:6Þ
Solving simultaneously the Eqs. (2.5) and (2.6) we obtain p
and q. Hence, the solitary wave solution Eq. (2.4) is well
determined.
3. Modiﬁcation of truncated expansion method
We consider a general nonlinear partial differential equation
(PDE) in the form
Pðu; ut; ux; utt; uxt; uxx; . . .Þ ¼ 0: ð3:1Þ
Using traveling wave u(x, t) = U(n), n= kx  xt carries
Eq. (3.1) into the following ODE:
Pðu;xU0; kU0; k2U00; . . .Þ ¼ 0; ð3:2Þ
The main steps of the Modiﬁcation of the truncated expan-
sion method are the following:
Step 1. Determination of the dominant term with highest
order of singularity. To ﬁnd dominant terms, we substituteU ¼ np; ð3:3Þ
to all terms of Eq. (3.2). Then we compare degrees of all terms
of Eq. (3.2) and choose two or more with the lowest degree. The
maximum value of p is the pole of Eq. (3.2) and we denote it as
N. This method can be applied when N is integer. If the valueN
is non-integer, one can transform the equation studied.
Step 2. We look for exact solution of Eq. (3.2) in the formUðnÞ ¼
XN
i¼0
biQ
iðnÞ; ð3:4Þ
where bi(i= 0, 1, . . ., N) are constants to be determined later,
such that bN „ 0, while Q(n) has the form
QðnÞ ¼ 1
1þ d expðnÞ ; ð3:5Þ
which is a solution to the Riccati equation
Q0ðnÞ ¼ Q2ðnÞ QðnÞ;
where d is arbitrary constant.
Step 3. We can calculate necessary number of derivative of
function U. It is easy to do using Maple or Mathematica
package. Using case N= 1 we have some derivatives of
function U(n) in the formU ¼ b0 þ b1Q;
Un ¼ b1Qþ b1Q2;
Unn ¼ b1Q 3b1Q2 þ 2b1Q3;
Unnn ¼ b1Qþ 7b1Q2  12b1Q3 þ 6b1Q4:
ð3:6Þ
Step 4. We substitute expressions given by Eqs. (3.4)–(3.6)
in Eq. (3.2). Then we collect all terms with the same powers
of function Q(n) and equate expressions to zero. As a result
we obtain algebraic system of equations. Solving this sys-
tem we get the values of unknown parameters.
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In this section we apply the proposed methods to solve the
coupled nonlinear Klein–Gordon Zakharov equations.
4.1. He’s semi-inverse method
In this subsection, we consider the coupled nonlinear Klein–
Gordon Zakharov equations
utt  c20r2uþ f20uþ duv ¼ 0;
vtt  c20r2v br2juj2 ¼ 0:
ð4:1Þ
We seek its following wave packet solution
uðx; y; z; tÞ ¼ /ðnÞeiðkxþlyþnzXtÞ; vðx; y; z; tÞ ¼ vðnÞ;
n ¼ pxþ qyþ rz wt; ð4:2Þ
where both /(n) and v(n) are real function. Substituting Eq.
(4.2) into Eq. (4.1) yields
ðw2  c20P2Þ/00ðnÞ þ 2iðwX c20KPÞ/0ðnÞ
ðw2  c20K2  f20Þ/ðnÞ þ dv/ðnÞ ¼ 0;
ðw2  c20P2Þv00ðnÞ  bP2ð/2ðnÞÞ
00 ¼ 0;
ð4:3Þ
where
K ¼ ðk; l; nÞ; K2 ¼ k2 þ l2 þ n2; P ¼ ðp; q; rÞ;
P2 ¼ p2 þ q2 þ r2; K:P ¼ kpþ lqþ nr
If we take
wX ¼ c20K  P; ð4:4Þ
then (4.3) is reduced to
ðw2  c20P2Þ/00ðnÞ  ðw2  c20K2  f20Þ/ðnÞ þ dv/ðnÞ ¼ 0; ð4:5Þ
ðw2  c20P2Þv00ðnÞ  bP2ð/2ðnÞÞ
00 ¼ 0; ð4:6Þ
Integrating (4.6) once respect to n, we get
ðw2  c20P2Þv0ðnÞ  bP2ð/2ðnÞÞ
0 ¼ ~c: ð4:7Þ
where ~c is integration constant. Because we ﬁnd the special
form of exact solutions for simplicity purpose, we take ~c ¼ 0
and integrating this formula once again, we have
vðnÞ ¼ C
w2  c20P2
þ bP
2
w2  c20P2
/2ðnÞ; ð4:8Þ
where C is integration constant. Substituting (4.8) into (4.5)
yields
ðw2  c20P2Þ
2
/00ðnÞ þ ½ðw2  c20P2Þðw2 þ c20K2 þ f20Þ þ dC/ðnÞ
þ dbP2/3ðnÞ ¼ 0; ð4:9Þ
Eq. (4.9) can be expressed as
/00ðnÞ þ k1/ðnÞ þ k3/3ðnÞ ¼ 0; ð4:10Þ
where
k1 ¼ ½ðw
2  c20P2Þðw2 þ c20K2 þ f20Þ þ dC
ðw2  c20P2Þ
2
;
k3 ¼ dbP
2
ðw2  c20P2Þ
2
: ð4:11ÞBy He’s semi-inverse method [15–36], we can obtain the fol-
lowing variational formulation
J ¼
Z 1
0
 1
2
ð/0Þ2 þ k1
2
/2 þ k3
4
/4
 
dn ð4:13Þ
By Ritz-like method, we search for a solitary wave solution
in the form
/ðnÞ ¼ psechðqnÞ; ð4:14Þ
where p and q are unknown constant to be further determined.
Substituting Eq. (4.14) into Eq. (4.13), we have
J ¼
Z 1
0
 1
2
p2q2sech2ðqnÞtanh2ðqnÞ þ k1p
2
2
sech2ðqnÞ

þ k3p
4
4
sech4ðqnÞ

dn ¼  1
6
p2qþ k1p
2
2q
þ k3p
4
6q
: ð4:15Þ
For making stationary with respect to p and q results in
@J
@p
¼  1
3
pqþ k1p
q
þ 2k3p
3
3q
¼ 0; ð4:16Þ
@J
@q
¼  1
6
p2  k1p
2
2q2
 k3p
4
6q2
¼ 0: ð4:17Þ
From Eqs. (4.16) and (4.17), we get
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2k1
k3
s
; q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
k1
p
; k1=k3 < 0; k1 < 0: ð4:18Þ
The solitary solution is, therefore, obtained as follows
uðx;y;z;tÞ¼
ﬃﬃﬃﬃﬃﬃ
2k1
k3
q
sechð ﬃﬃﬃﬃﬃﬃﬃﬃk1p ðpxþqyþ rzwtÞÞeiðkxþlyþnzXtÞ;
vðx;y;z; tÞ¼ C
w2c2
0
P2
þ bP2
w2c2
0
P2

ﬃﬃﬃﬃﬃﬃ
2k1
k3
q
sechð ﬃﬃﬃﬃﬃﬃﬃﬃk1p ðpxþqyþ rzwtÞÞ 2:4.2. Modiﬁcation of truncated expansion method
Next, the pole order of Eq. (4.10) is N= 1. So we look for
solution of Eq. (4.10) in the following form
/ðnÞ ¼ b0 þ b1Q: ð4:19Þ
Substituting Eq. (4.19) into Eq. (4.10), we obtain the system
of algebraic equations in the following form
Q0 : k1b0 þ k3b30 ¼ 0;
Q1 : b1 þ k1b1 þ 3k3b20b1 ¼ 0;
Q2 : 3b1 þ 3k3b0b21 ¼ 0;
Q3 : 2b1 þ k3b31 ¼ 0:
Solving the algebraic equations above yields:
Case 1.
b0 ¼ 1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s
; b1 ¼
ﬃﬃﬃﬃﬃﬃ
2
k3
s
; ð4:20Þ
Substituting (4.20) into (4.19), we have
/ðnÞ ¼ 1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s
þ
ﬃﬃﬃﬃﬃﬃ
2
k3
s
Q; ð4:21Þ
Now, the exact solution of Eq. (4.1) has the form
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2
ﬃﬃﬃﬃﬃﬃ
2
k3
s
þ
ﬃﬃﬃﬃﬃﬃ
2
k3
s
1
1þ d expðpxþ qyþ rzwtÞ
 
eiðkxþlyþnzXtÞ;
vðx;y; z; tÞ ¼ C
w2  c20P2
þ bP
2
w2  c20P2
 1
2
ﬃﬃﬃﬃ
2
k3
q
þ
ﬃﬃﬃﬃ
2
k3
q
1
1þ d expðpxþ qyþ rzwtÞ
  2
:
where d is arbitrary constant
Case 2.
b0 ¼  1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s
; b1 ¼ 
ﬃﬃﬃﬃﬃﬃ
2
k3
s
; ð4:21Þ
Substituting (4.21) into (4.19), we have
/ðnÞ ¼  1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s

ﬃﬃﬃﬃﬃﬃ
2
k3
s
Q; k3 < 0: ð4:22Þ
Now, the exact solution of Eq. (4.1) has the form
uðx;y;z;tÞ¼1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s

ﬃﬃﬃﬃﬃﬃ
2
k3
s
1
1þd expðpxþqyþrzwtÞ
 
eiðkxþlyþnzXtÞ;
vðx;y;z;tÞ¼ C
w2c20P2
þ bP
2
w2c20P2
 1
2
ﬃﬃﬃﬃﬃﬃ
2
k3
s

ﬃﬃﬃﬃﬃﬃ
2
k3
s
1
1þd expðpxþqyþrzwtÞ
  !2
:
where d is arbitrary constant.
5. Conclusions
We established variational formulations for the coupled non-
linear Klein–Gordon zakharov equations by He’s semi-inverse
method. It is obvious that the employed approach is useful and
manageable and remarkably simple to ﬁnd various kinds of
solitary solutions. Also the modiﬁcation of truncated expan-
sion method was used to conduct an analytic study on the cou-
pled nonlinear Klein–Gordon Zakhaeov equations. Moreover,
the methods are capable of greatly minimizing the size of com-
putational work compared to other existing techniques.
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